Abstract. Planar central configurations can be seen as critical points of the reduced potential or solutions of a system of equations. By the homogeneity and invariance of the potential with respect to SO(2), it is possible to see that the SO(2)-orbits of central configurations are fixed points of a suitable map f . The purpose of the paper is to define this map and to derive some properties using topological fixed point theory. The generalized Moulton-Smale theorem for collinear configurations is proved, together with some estimates on the number of central configurations in the case of 3 bodies, using fixed point indexes. Well-known results such as the compactness of the set of central configuration can also be proved in an easy way in this topological framework. At the end of the paper some tables of (numerical) planar central configurations of n equal masses with Newtonian potential are given, for n = 3, . . . , 10. They have been computed as the fixed points of a suitable self-map of R 2(n−2) .
Planar central configurations
Consider the complex plane C and n real positive numbers m 1 , m 2 , . . . , m n , with n ≥ 3. We denote by X the hyperplane in C n defined by the equation i m i z i = 0, where z = (z 1 , z 2 , . . . , z n ) denotes a point in C n .
LetX be the open subset of X defined by the condition i = j =⇒ z i = z j . That is, if ∆ ij denotes the subspace of equation z i = z j and ∆ = ∪ i<j ∆ ij the collision set, it isX = X ∆. It is the configuration space of n point particles in C and center of mass in 0. An element inX is called a configuration. Consider some real coefficients m ij , for i = j, i, j ∈ {1, . . . n} and a regular function φ : R + → R defined on the positive semiline of R. Without loss of generality we can assume m ij = m ji for all j = i. Let α be a real number and let U :X → R be a potential function be of type
where φ(z) = |z| α+2 or φ(z) = log |z| (in case α = −2). For example if m ij = m i m j and α = −3 then this is the potential of the Newtonian n-body problem with φ(z) = |z| −1 or the Thompson vortex problem if α = −2 and then φ(z) = log |z|. The charged n-body problem is obtained by setting α = −3 and m ij = m i m j − q i q j where q i are the electrostatic charges of the masses.
The n-body problem concerns the motion of n particles of masses m i and potential U; the Newton equations are therefore m izi = ∂U ∂z i
. A central configuration is a configuration z ∈X such that there exists a non-zero real scalar k such that for i = 1, . . . n km i z i = ∂U ∂z i .
Central configurations can be seen as critical points of the restriction of U to the ellipsoid in X of equations i m i |z i | 2 = 1. Furthermore, they play an important role in the theory of periodic orbits in n-body problems because they yield homographic solution and are topological bifurcations of the energy and angular momentum level sets inX . Details and further reading on the topic can be found for example in [8, 11, 7, 13] .
Letf :X → X be the map defined byf (z) = w ∈ X , where
It is not difficult to see ∂U ∂z i = (α + 2)m i w i , so that a configuration z ∈X is central if and only if there is a real number λ = 0 such thatf(z) = λz, where λ = (α + 2) −1 k. Let CC denote the space of all the central configurations inX and CC 1 its intersection with the ellipsoid E ⊂ X of equation i m i |z i | 2 = 1. By the O(2)-invariance of U, CC 1 is O(2)-invariant inX , where O(2) is the orthogonal group of the plane C. We are interested in the quotient spaces CC 1 /O(2) and CC = CC 1 /SO (2) .
Consider the projection p : C n {0} → CP n−1 onto the complex projective space. A point of CP n−1 of homogeneous coordinates z i is denoted by [z] = [z 1 : z 2 : · · · : z n ]. Then p projects X {0} onto the hyperplane in CP n−1 of equation i m i z i , which we denote simply by CP n−2 . Let X be the image ofX in CP n−2 . With an abuse of terminology we will consider maps defined on open dense subsets of their domains. Such a subset of points in which the map is properly defined will be clear from the context. The mapf induces a map f : X → CP n−2 . It is clear that a central configuration projects to a fixed point of f . 
This implies
and therefore λ is real, i.e.
[z] is a projection of a central configuration. Moreover,p is a closed map and hence a homeomorphism.
Let I = i m i |z i | 2 the inertia of z. In case α = −2 (not the logarithmic case), the proof of the previous lemma implies that
and hence, if m ij > 0 for all i, j that λ > 0. If α = −2 the the same holds, since
Lemma 2. If for every i = j the coefficient m ij is not zero, and α < −1, then CC 1 is compact.
Proof. Because p : E → CP n−2 is a proper map, it suffices to show that CC is compact, hence that Fix(f ) is compact. First, let X 2 ⊂ CP n−2 be the subset of CP n−2 consisting of all the points such that there is at most one pair of particles colliding z i = z j . The map f can be extended continuously to X 2 : If z tends to a point z ′ in X 2 X with a collision in i and j, then the image of z tends to the point [w] = [w 1 : · · · : w n ] with w i = m j m ij and w j = −m i m ij and otherwise 0. Let W ij denote such point. Provided that m ij = 0 such a point W ij is in CP n−2 and it is different from z ′ (we assume that the masses m i are positive and hence it cannot be that m i = −m j ):
Now suppose that [z] tends to a multiple collision [c] in CP
n−2 X 2 . Let Γ be the set of indexes (i, j) such that the i-th particle collides with the j-th particle in [c] . It is not difficult to show as above that f (z) tends to a subset of the projective subspaceĉ ⊂ CP n−2 spanned by the points W ij with (i, j) ∈ Γ. Butĉ is a closed subspace which does not contain [c], hence by continuity there is a neighborhood of [c] in CP n−2 without fixed points of f . Therefore the collision set is contained in a fixed point free neighborhood, and hence CC is closed in CP n−2 . Being a closed in a compact, it is compact (compare with the proof of Shub, for the Newtonian case [12] , and with the estimates of Buck [4] ).
, where Crit(u) denotes the set of critical points of u.
Proof. In both cases u is well-defined on X. Furthermore, CC 1 is the set of critical points of U restricted to E; hence it is the set of critical points of uπ, where π : E → X is the projection, restricted to E. The projection π is a submersion, hence CC = Crit(u).
Let C be the group of order 2 acting on CP n−2 by conjugation on coordinates. The space fixed by C is the space of collinear configurations, and it is homeomorphic to RP n−2 . Let X C be its intersection with X. The map f is equivariant with respect to the action of C, therefore it induces a map f C : X C → RP n−2 ; its fixed points, by lemma 1 are the collinear central configurations.
We list some known results. Some of them were proved in the Newtonian case (m ij = m i m j and α = −3), but the techniques worked in the same way in the general case. We understand that central configurations are counted in CC 1 /O(2): For every n ≥ 3 there are exactly n!/2 collinear configurations (Moulton; see Smale [14] for a proof using critical point theory). If n = 3 then there is just one non-collinear central configuration. If the masses are equal, then there are exactly 19 non-collinear central configurations for n = 4 (Albouy [1] ). For every n there are at least n − 2 non-collinear central configurations (McCord [7] ). If the potential U is a Morse function, there are at least n!h(n)/2 central configurations, where h(n) = n i=3 1/i (McCord [7] ). The Euler characteristic χ(X) is (−1) n (n − 2)!, hence by Morse theory in this case the alternating sum k (−1) k ν k = (−1) n (n − 2)!, where ν k denotes the number of critical points of index k.
Collinear configurations
We have seen that the collinear central configurations are the fixed points of f C :
We show a proof of Moulton theorem using fixed point theory, instead of critical point theory. In some sense it is closer to the original proof of Moulton.
Proposition 4.
If m ij > 0 for every i, j and α < −1 then every fixed point of f is isolated and its fixed point index is 1.
Proof. Let E
C ⊂ X C be the ellipsoid of equation i m i z i . Because E C → RP n−2 is a covering map and λ > 0 (by equations 1 and 2), the map f
, where as above I = j m j w 2 j and w j is defined in equation 12, is a lifting of f . Hence the Jacobian of f at a point [c] ∈ X C is the same as the jacobian of f ′ at a pre-image of [c] in E C . We are going to show that if x ∈ E C is a central configuration (that is, a fixed point for f ′ ), then for every vector v of the tangent space of E C in x (endowed with the kinetic scalar product:
From this the claim follows, since all the eigenvalues of D(f ′ ) need be negative. The map f ′ is the composition off and the projection p,
The derivatives of p are
Now, v belongs to the tangent space at x and if x is a central configuration then i m i w i v i = 0, therefore
Now, this implies that the claim is true if and only if for every v in the tangent space of x the inequality
is true. But by equation 4 the latter is equal to
which is negative because by assumption α + 1 < 0 and m ij > 0. This finishes the proof. Proof. The space X C has n!/2 connected components (see for example Smale [14] ). Consider, for every t ∈ I, the map defined by f t (z) = w, with
It is the self-map corresponding to the collinear n-body problem with parameters α ′ = tα − 2 + 2t and m ij ′ = tm ij + (1 − t)m i m j and masses m i . By lemma 2, Fix(f t ) is compact for every t ∈ I. Therefore f t yields a compactly fixed homotopy from f 1 = f to a map
The map f 0 is the self-map arising from the logarithmic potential collinear problem with masses m i . Now we are going to define a compactly fixed homotopy g t from f 0 = g 0 to a map g 1 corresponding to the self-map of the problem with all the masses equal to 1 and the last mass equal to m. Let m 
is a compactly fixed homotopy from g 0 = f 0 to a self-map conjugated to the self-map h m of the problem with logarithmic potential and masses 1, 1, . . . , m. Now we prove, somehow as in the proof of Moulton [10] , that the fixed point index of h m in each component of X C is 1 for every m. By induction on the number of bodies n. If n = 3, then this is true. Otherwise, consider the map h m . It is possible to let m be equal to zero (the case of the infinitesimal mass), and everything that we have done in the previous section can be carried out literally. By looking at the proof of lemma 2, it is easy to see that if m = 0 then h 0 is compactly fixed, like in the case m > 0. Therefore h m is compactly fixed homotopic to h 0 , and the fixed point indexes of h 0 coincide with the fixed point indexes of h m . So consider the projection π :
′ arising from the (n − 1)-body problem with masses 1, . . . , 1 like in the following diagram.
By the induction hypothesis the fixed point indexes of h ′ in the (n − 1)!/2 components of X' are 1. There are a finite number of fixed point, being isolated and contained in a compact. Moreover π : X → X ′ is a fiber bundle with fibers equal to R minus n−1 points (the collisions). Consider a fixed point [z 1 : . . . , z n−1 ] of h ′ . Let F ≈ R be its pre-image under π. By equation 2, we have w i = λz i , with λ = n(n − 1)/I. Hence the induced map h 0 |F is
It is easy to see that h 0 |F has just one fixed point of index 1 in each of the n components of F . By the product formula for the fixed point index [3] , this means that the fixed point index of h 0 in each of the n(n − 1)!/2 = n!/2 components of X is 1. This completes the proof. 
Three bodies
The central configurations in the Newtonian 3-body problem are the three Euler collinear configurations and the equilateral Lagrange configuration. More generally, the case of three charged bodies has been done in [11] in case α = −3. Here we give some bounds on the number of solutions, assuming as above that α < −1 (that is, the collisions are singularities for the field). The space X is homeomorphic to CP 1 = S 2 minus three points (the three double collisions). The map f can be extended to S 2 , since there are no triple collisions (apply the same argument in the proof of lemma 2). The action of the conjugation group C yields the reflection along the equator of S 2 . A configuration is non-collinear if and only if it is not fixed by C. 
in the affine chart [t : 1 :
which has degree 0. Thus the degree of f C is equal to 0. This means that there is always at least one collinear central configuration. In this case, opposite to the case m ij > 0, the number of fixed points might be greater than 1 (the fixed point index of f C ). According to [11] , for α = −3 the fixed points can be any number from 1 to 5, depending on the coefficients. Now consider the case in which some m ij vanish. If all the m ij vanish, then the map f is even not defined and the problem is totally degenerate. If two of the m ij 's vanish, then the map f is equal to a constant, so that there is exactly one fixed point. In this case the three body problem reduces to a Kepler problem with a third mass which does not interact with the first two and there is not much physical relevance. So assume that only one of the m ij vanishes: without loss of generality it is m 23 . The homotopies yielded by the variation of the coefficients now need not to be compactly fixed away from the collisions, but are defined also on the collision set. There are two cases: either m 12 and m 13 have the same sign, or not. If they have the same sign, then the map f C up to sign is homotopic to the map f C 3 obtained by setting m i = 1 and m 12 = m 13 = 1 and α = −2. In coordinates, it is
which has affine form
This map has degree −1, therefore there are at least 2 fixed points. The only collision fixed by f 3 is the collision of the particle 2 with the particle 3, therefore there is always 1 fixed point of f C corresponding to a central configuration. In case m 12 and m 13 have different signs, then f C is homotopic to the map f 
This map has degree 1, and does not fix any collision; therefore the fixed point index is 0. Actually, what happens is that for some values of the coefficients there are no fixed points, for some other values there are.
). The function u : X → R therefore induces functionū : X/C → S 1 such thatūπ = u, where π : X → RP 2 denotes the map which sends [z 1 :
Let X 1 denote the set of non-collinear configurations in X. The image π(X 1 ) ⊂ RP 2 is homeomorphic to the quotient X 1 /C. Now, we can apply the same argument as in lemma 1 and show that the critical points ofū correspond to fixed points of the self-map
].
Clearly, if any one of the m ij vanishes then there are no such fixed points in X 1 (a configuration of type [z : −z : 0] is always collinear). So in the affine chart the fixed points are the compatible solutions of the system of equations
If the m ij do not have the same sign, then there are no solutions. In case of the Newtonian case we have m ij = m i m j , and hence the solution is given as expected by the equilateral triangle (x 1 = x 2 = x 3 = 1). Otherwise the solutions are either one (if the compatibility conditions on the sides of a triangle are fulfilled:
We can summarize the results in the following proposition. 
Computing central configurations
As a consequence of lemma 1, the central configurations are the solutions of the system of 2(n − 2) equations in 2(n − 2) unknown variables. Let A be the affine chart in CP n−2 of
Thus the n − 2 equations are
I have computed the approximate solutions of such system for n = 3, . . . , 10. Unfortunately, only in the case of n = 4 Albouy [1, 2] proved that these are indeed solutions and the only solutions (actually, Morse equality 14 below gives an alternate proof of the fact that a noncollinear solution with symmetry different from 3 and 4 exists). For n ≥ 5 the fact that the system is solved up to the machine precision (in this case 10 −15 ) does not imply that the solutions actually exists. A computer-assisted proof was shown by Kotsireas [5] for n = 4, 5.
A few words on the implementation: the program which computed the configurations in the appendix is written in FORTRAN 95, using the SLATEC F77 library, and partially in the language of MAPLE for post-processing. The algorithm is simple: a central configuration of equal masses can be ordered in a way that |z 1 | ≤ |z 2 | ≤ · · · ≤ |z n |. Therefore without loss of generality we can compute the configurations in the affine chart above. The root-finding subroutine starts by a random point until reaches a solution or a failure (there are different reasons for the failure, like approaching a collision or too many steps without progress). Since the norms of z i are ordered, we can assume that and such that |x i | ≤ 1 for i = 1, . . . , n − 2. Therefore the random starting point can be chosen in the cube [−1, 1] 2(n−2) . After a solution is found, the program stores it in a list, and computes the monic polynomial
Given two solutions, they coincide up to permuting the particles, scaling, rotation or conjugation if and only if the coefficients a i and a ′ i of the corresponding polynomials are related by the equations
, where b is a suitable complex number. Then, if the configuration is not in the list of known configurations, it is added to it. After the program cannot find any new configuration for a long enough time (depending on the number of masses), the list of configurations found is piped to a MAPLE filter that cross-checks the solutions, computes the reduced potential U √ I, the critical point index, the fixed point index and the order of the isotropy group of the configuration (the symmetric group Σ n acts on X, therefore each solution has a isotropy group with respect to this action: in the tables we count this isotropy, in general; for a few configurations which are not symmetric with respect to a reflection, we denote the isotropy 1/2).
The time spent by the program in computing the solutions is a tiny part, whenever compared to the time spent in searching for solutions once the list is complete. Unfortunately, not only these numerical experiments do not imply that the approximate solutions are solutions, but there is no proof of the fact that there are no extra solutions. Some hope that the list, at least for small n, is complete, comes from the Morse equality
Let 
Therefore we can test equation 15 against the collected data, keeping in mind that in the tables the configurations are listed in CC 1 /O(2), hence if there is no axis of symmetry the configuration contributes to the sum twice. For example, for n = 4 we have 1 4
for n = 5, 1 5
for n = 6, 1 5
for n = 7 analogously we obtain − 1 42
; for n = 8 we have the first examples of configurations without an axis of symmetry: they contribute with 1 1/2 = 2 instead of 1, and the sum gives .
For n = 9, it gives the expected − 1 72 . Unfortunately, for n = 10 the sum is − 269 90 , thus there is a missing term +3. It is likely that the computation of the isotropy was broken somewhere or simply that there are some configurations missing. Remark 2. It is apparent from the data shown below that the fixed point index of a central configuration is likely to be equal to minus one to the power the critical point index. This is certainly true for the gradient map, but f is not equal (nor homotopic) to the gradient map. This relation is true for collinear configurations (embedded in the plane), and it is likely that it is true for all the central configurations. Unfortunately I do not know any proof of it.
Remarks
Remark 3. We see from the examples in the tables that if a central configuration has a rotational symmetry, then it has a symmetry axis. Thus the symmetry group of the configuration is either trivial or a dihedral group. In the tables there are no central configurations with a pure rotation symmetry. Is it true in general?
Tables of central configurations
Central configurations for 3 bodies 
